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Abstract. Graph-based methods has gained prominence in Machine
Learning mainly in unsupervised and semi-supervised learning context,
however graph-based approaches for supervised learning tasks still re-
main underexplored. One of these supervised techniques proposed the
k-associated network for building a graph from tabular (flat) data and
its respective classifier. The k-associated graph is a sparse graph sepa-
rated into components, based on a purity measure and a similarity (or
distance) relation among vertices. The purity indicates how components
of different classes are intertwined or well separated, i.e., a component
with high purity value means that most vertices in the k-neighborhood
of any vertice in the component belong to a same class. Hence, the purity
is used as a prior for an optimal Bayesian classifier. Here, we explored
this technique and observed that many components remain with only
one vertex. Such isolated-vertex components get purity equal zero and
do not help in the classification. We propose some modifications on the
original algorithm trying to avoid such single-vertex components. Pre-
liminary results indicate that such strategy may improve the accuracy
of the k-associated-based classifier.

Keywords: graph-based classification, visualization, k-associated net-
work

1 Introduction

Due to the vast amount of data available nowadays it is necessary to use com-
putational techniques for organizing, cleansing, structuring and knowledge dis-
covery from these data. Machine Learning and Data Mining are fields of Com-
putational Intelligence that study such automatic computational methods for
learning from data. In recent years, graph-based algorithms have received great
attention by researches in machine learning. A graph is a set of nodes and con-
nections among them. This representation anable the study of local and global
topological structures present in the data.

Graphs have been widely used for clustering problems [8, 4, 9, 5], dimension-
ality reduction [1, 10], and semi-supervised learning [3, 7]. Graph improves the
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representation of independent and identically distributed (i.i.d.) data from tra-
ditional attribute-value paradigm to a richer graph-based relational representa-
tion, where vertices represent the instances and links connect pair of vertices
which respects some similarity or distance function. The most common tech-
niques to create a graph from flat data are the k-nearest neighbors (k-NN) and
ε-neighborhood [11]. Lopes and colleagues [6] and Bertini and colleagues [2] pro-
posed a new technique for graph construction referred to as optimal K-associated
network which can be considered as an adaptive k-NN, i.e, different values of
k are considered for different regions of the data space. Based on this network,
the authors proposed a new graph-based classifier. In this paper, we explore the
optimal K-associated network and the graph-based classifier. Modifications of
the algorithm show that the classification accuracy can be improved.

2 Related work

In this section, some basic concepts about graphs and classification in supervised
learning are reviewed. The construction of K-associated network are presented,
as well the graph-based algorithm for classification.

2.1 Definitions

A graph can be represented by a pair G = (V,E) comprising a set V of vertices
and a set E of edges. Each edge eij = (vi, vj) ∈ E establishes a connection
between two vertices vi and vj . If E is a set of ordered pairs of vertices, the
graph is called a directed graph, where an edge eij = (vi, vj) is directed from vi
to vj . A graph is a weighted graph if a number (weight) is assigned to each edge.
Otherwise, the graph is unweighted. A graph is connected if there exists a path
between any pair of vertices. A path is a non-empty subgraph G

′
= (V

′
, E

′
) so

that V
′

= v0, v1, v2, . . . , vk and E
′

= e01, e12, . . . , ek−1k. A maximal connected
subgraph of G is called component. Each isolated vertex is also a component. If
a graph represents a data set, each example in the training set is mapped to a
vertex in the graph, and the connections between pairs of vertices are established
in order to preserve some similarity relationship.

In supervised learning, to the learning system is given a example set X =
{X1, X2, . . . , XN}, such that each Xi ∈ X is a tuple Xi = (xi, yi) in which xi is
a vector of values that represent the characteristics or attributes from example
Xi, and yi is the class value of this example. The supervised learning objective
is induce a general mapping from vectors x to values y. The learning system
should construct a model y = f(x) of a unknown function, f , that allows to
predict values y of unseen examples.

2.2 K-associated network

Given a data set X = {X1, X2, . . . , XN} and a constant K, Bertini and col-
leagues [2] defined the K-associated graph as an unweighted directed graph
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G(K) = (V,E), where V = {v1, v2, . . . , vN} is a set of vertices and each vertex
vi represents a case xi of the input data set with class label yi. The set of edges
E = eij is formed in the following way: Let Λvi,K represent the set of label
independent K nearest neighbors of vertex vi, obtained through calculation on
the data cases by using a given similarity measure. Each vertex vi, taken as an
origin, connects to all destination vertex vj , if and only if vj ∈ Λvi,K and yj = yi.

According to the definition, a K-associated network is a directed graph. The
authors adopted this representation to take into consideration the asymmetri-
cal nature existing in many data sets, i.e., “vertex vi is one of the K nearest
neighbors of vj” does not necessarily imply “vertex vj is one of the K nearest
neighbors of vi”.

The authors emphasize the following about K-associated networks:

1. The K-associated graph can be seen as a set of components Cα ∈ C =
{C1, . . . , CR}, where α = 1, 2, . . . , R, is the component index, and R is the
number of components.

2. For any pair of vertices vi and vj , if yi = yj and vj ∈ Λvi,K or vi ∈ Λvj ,K ,
both vertices are in the same component.

3. Only vertices belonging to the same class can be connected. Thus, each com-
ponent is associated to only one data class, and the number of components
is larger or equal to the number of classes in the training set (R ≥M).

4. The K-associated graph depends on the parameter K, and for each value
of K, the algorithm produces a graph with different number of components,
each of them with its own purity. In a classification context, however, it is
desirable that each component has a high purity.

2.3 Purity measure in the K-associated network

In a K-associated graph, the degree of any vertex vi is defined as the sum of
in-connections and out-connections, instead of the number of neighbors. This
is because both in-degree and out-degree characterize the compactness of the
component structure, i.e., high compactness of a component means high purity,
while low compactness (high sparseness) of a component implies low purity value.

Given a component Cα of a K-associated graph with number of vertices
Nα > 1, the average degree Dα of the component Cα, the purity measure of the
component Cα, denoted as Φα, is defined by Equation 1.

Φα =
Dα

2K
(1)

The purity measure Φα varies from 0 to 1. Φα = 1 if all K nearest neighbors of
every vi are in the same component (having the same label), forming subgraphs
with all possible connections by a given K. On the other hand, Φα = 0 if none
of the K nearest neighbor of a vertex vi has the same class label, resulting in
an isolated vertex. In general, purity value close to 1 indicates that there exist
a large portion of the possible edges among vertices in the component, resulting
in more compact component, while lower values indicate overlapping between
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components of different classes. Normalized purity measure can also be seen as a
priori probability for connections within a component. This property is exploited
by the classifier for predicting classes of new data.

2.4 K-associated optimal graph

For obtaining the K-associated optimal graph, it is necessary to increase K while
keeping the best components, in terms of purity, found so far starting from the
1-associated graph. For each K and for each component Cα, the purity measure,

Φ
(K)
α , defined by Equation 1, is calculated and it is used to compare components

of different K-associated graphs formed using different values of K. In order to
compare components obtained with different values of K, consider the graphs
K-associated and (K+z)-associated for any given integer z > 1. Let α and β be

component indexes and Φ
(K)
α , Φ

(K+z)
β be the purities of components C

(K)
α and

C
(K+z)
β at iteration K and K + z, respectively. Notice that, one component at

step K + z probably includes more than one component from the K-associated

graph, therefore a component C
(K)
α ⊆ C(K+z)

β must exceed all components C
(K)
α

in terms of purity, as stated in Equation 2.

Φ
(K+z)
β ≥ Φ(K)

α for all C(K)
α ⊆ C(K+z)

β (2)

The K-associated optimal graph is the final structure obtained by the itera-
tions with increasing K and merging different components according to Equation
2.

2.5 K-associated classifier

Since each component in the constructed graph contains vertices of a same class,
we can compute the probability of a new vertex to be classified to a given class by
determining the probability of this vertex to belong to each of the components.

The posteriori probability of a new vertex vy to belong to component Cα
given Λvy , which represents all observed neighbors of vy, is defined by Equation
3.

P (vy ∈ Cα|Λvy ) =
P (Λvy |vy ∈ Cα)P (vy ∈ Cα)

P (Λvy )
(3)

It is important to mention that the normalized purities of the components can
be used as a prior probability P (vy ∈ Cα). We can also estimate the probability
of the neighborhood Λvy given that vy belongs to component Cα. For that we
must consider the number of connections from vy to Cα taking into consideration
the particular Kα used by the algorithm to build the component Cα, i.e., the
number of nearest neighbors of vy in Cα by the total of Kα possible neighbors.
Thus, let Λvy,Kα represent the set of Kα nearest neighbors of vy and |.| stand
for the set cardinality, the probability of the neighborhood Λvy conditioned to
the fact that vy ∈ Cα is defined in Equation 4.



Exploring Data Classification with K-associated Network 5

P (Λvy |vy ∈ Cα) =
|Λvy,Kα ∩ Cα|

Kα
(4)

Refer to [2] for details on the K-associated classifier.

3 Experiments

In this section, we describe the experiments comparing theK-associated classifier
proposed in [6] and [2] with the modified versions described next.

First modification: Mutual k-NN was used instead of traditional k-NN
algorithm for network construction. In mutual k-NN algorithm, a vertex estab-
lishes a connection only if the neighborhood rule is mutual, i.e., there is an edge
between vi and vj if and only if, vi ∈ kvizinhos(vj) ∧ vj ∈ kvizinhos(vi).

Second modification: Equation 2 was reconsidered not for all C
(K)
α ⊆

C
(K+z)
β but for at least one C

(K)
α ⊆ C(K+z)

β ,

Φ
(K+z)
β ≥ Φ(K)

α for at least C(K)
α ⊆ C(K+z)

β . (5)

Third modification: Equation 2 was reconsidered not for all C
(K)
α ⊆

C
(K+z)
β but for the average value of the purities Φα =

∑
Φ(K)
α

|C(K)
α ⊆C(K+z)

β |
of the

components C
(K)
α ⊆ C(K+z)

β ,

Φ
(K+z)
β ≥ Φα. (6)

In the evaluation, we used three well known propositional datasets from UCI
with numerical attributes, without missing values. The Gaussians are artificial
data with two classes with three different levels of overlapping. Table 1 summa-
rize these datasets.

Table 1: Datasets

Database #Examples #Attributes #Labels

Gaussians 1 500 2 2

Gaussians 2 500 2 2

Gaussians 3 500 2 2

Iris 150 4 3

Zoo 101 16 7

Glass 214 9 6

In the experiments, we follow the scheme of 10-fold stratified cross-validation.
The results were averaged on 10 runs. Table 2 shows the classification accuracy
of the original algorithm and the proposed modifications for all datasets.
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Notice that the first modification does not obtain good results, probably
because the components formed are too small, and many vertices become iso-
lated, see Figure 1. In general, the second modification get better results. In
Figure 2 one may notice that the components formed are bigger than the ones
formed by the original algorithm (Figure 3).

Table 2: Classification accuracy

dataset Original 1st modification 2nd modification 3rd modification

Gaussians 1 98.52 85.60 98.86 97.72

Gaussians 2 89.64 79.72 91.22 90.24

Gaussians 3 64.00 61.64 68.22 65.64

Iris 95.66 77.20 96.26 96.39

Zoo 73.85 73.85 85.14 53.45

Glass 60.04 55.70 64.57 62.93

When the optimal K-associated graph is made without any modifications
(original), several components with only one vertex appear. In the specific case
of Iris dataset, the classes of Iris Versicolour and Iris Virginica have a portion
that overlaps, leading to various vertices in a single component.

By the purity definition described in Equation 1, component Cα with only
one vertex will have purity φα = 0. This implies that, when classifying a new
example xj , the probability P (xi ∈ Cα) = 0. Therefore, the information about
the component Cα does not influence the classification results. If the graph K-
associated is comprised of several components with only one vertex, information
from these components are lost, probably decreasing the classification accuracy.

Fig. 4: Example of graph formation by k-associated.

Figure 4 shows the problem of component formed by few vertices. Compo-
nents formed for k = 1 have many isolated vertices, but the purity value is 1.
When k = 2 the components get bigger, but the purities decreases. When new
data points (represented by the empty balls) need to be classified, the isolated
vertices can not participate in classification process. Hence the second mod-
ification and third modification can get better results compared with the
original.
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Fig. 1: Components formed by first modification.
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Fig. 2: Components formed by second modification.



Exploring Data Classification with K-associated Network 9

4 Conclusions

This paper presents a study on the K-associated graph construction for a graph-
based nonparametric multi-class classification algorithm. The classification in-
corporates local structure and purity as a global statistical property of the con-
structed graph. The results obtained are important because identify promising
modifications which can be incorporated in the optimal K-associate graph con-
struction. Future works include the development of metrics to evaluate graph-
based relational data representation, mechanism for reducing the graph without
losing of generalization capacity, and the extension of K-associated graph con-
struction for unsupervised and semi-supervised context.
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Fig. 3: Components formed by the original algorithm.


