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Abstract. In this paper, we present an extension to the optimal K-
associated Network classifier to perform online classification. The static
classifier uses a special network, stated as optimal network, to classify
a test pattern. This network is constructed through a iterative process
which is based in the K-associated network and in a measure called pu-
rity. The good results with the static classifier obtained in stationary data
sets has motivated the development of an incremental version. Knowing
the network capability of representing similarity relationships among pat-
tern and data classes, here we present an extension that implements in-
cremental learning to handle online classification for non-stationary data
sets. Results in non-stationary data comparing the proposed method and
two state-of-the-art ensemble classification methods are provided.
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1 Introduction

Recently, network-based (also referred to as graph-based) algorithms applied to
data mining tasks not only have attracted great attention in academic commu-
nity but also has been the core of numerous practical applications. This growing
interest is mostly justified due to some advantages provided by network rep-
resentation of pattern data, including topological representation, recognition of
classes with arbitrary shapes and hierarchical representation. In network-based
algorithms, each node of the network represents a data pattern and the edges
stand for some relation between nodes, such as similarity between them. Com-
monly, in order to reveal significant relations within data, the connections are
established by considering a general rule; the higher the similarity among data,
the higher the probability of connection [1]. Stated in this way, nearby patterns
tend to be heavily linked together while distant patterns may form a sparse struc-
ture. This property has been extensively explored by network-based solutions,
especially considering unsupervised tasks like clustering [2] and dimensional-
ity reduction [3]. Only recently have graph-based classification been addressed,
usually by the wrap of semi-supervised learning [4]. Up to now few researches re-
garding network-based approach have been conducted concerning network-based
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approach to threat fully supervised problems. In supervised classification, every
pattern in the training set has an associated label which identifies its class. The
objective is to learn a function from training data in order to predict the class of
new unlabeled patterns [5], [6]. Most classification methods are based on the as-
sumption that new pattern conforms to a stationary distribution of the training
data. This kind of assumption produces a static classifier that performs well as
long as new patterns presented to the classifier conform to the same distribution
of the training data. However, in most real applications new observed patterns
may deviate from the training data distribution over time, this makes a static
classifier unreliable for online classification.

In online classification a classifier needs to classify new patterns at the time
they arrive [7], some real-world examples are intrusion detection [8] credit card
fraud detection [9], financial problems [10], among many others. Generally in
those applications the underlying data distribution changes over time, and often
these changes make the model built on old data inconsistent with newly arrived
data. This problem, known as concept drift [11], [12], requires frequently updat-
ing of the model. Fortunately these problems can be overcome by implementing
incremental learning [13], which enables a classifier to acquire knowledge dur-
ing classification phase to fit the model to the new data distribution. A trivial
implementation of this approach is to retrain the classifier over certain periods
of time. This practice, however, brings at least two prohibitive drawbacks, (i)
stopping the classifier for retraining may lose incoming data that needs to be
classified and; (ii) retraining process usually is computationally expensive.

The performance of the K-Associated classifier on stationary data sets in-
dicate its potential for dealing with classification problems, particularly in the
presence of noise [14]. The bases of the proposed classifier lies on representing
the training set as a network, referred to as K -associated Network (KAON).
The K -associated network not only can store similarity relations among data
but from a K -Associated network it is possible to derive some interesting prop-
erties relating noise and data, such as the purity of a component (connected
subgraph). This network is built from a vector-based data set by abstracting
patterns to nodes and similarities to edges. Here, an extension of the technique
for online classification is proposed, in which the model continually evolves dur-
ing the classification phase. This approach, also known as incremental learning
[13], allows the classifier to expand its data representation as well as to deal with
applications in dynamical environment.

The remainder of the paper is organized as follows: In Section 2 we briefly
describe the K -Associated Optimal Network classifier (KAON) [14]; In Section 3
we present the extension of the KAON static classifier to perform online classifi-
cation, and also a toy example illustrating a scenario where incremental learning
is applicable. In Section 4 the results concerning the proposed algorithm and
two state-of-the-art ensemble classifiers on a non-stationary benchmark are pre-
sented. In Section 5 we conclude the paper and discuss some future work.
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2 The Optimal Network Classifier

In this section we briefly present the K-associated network as well as the static
classifier based on it, as proposed by Lopes et al. [14]. A K-associated network
can be seen as a variant of a KNN network, differing from that by the fact that
amongst the possible K neighbors of a vertex vi, it can only be connected to
neighbors of the same class of a vertex vi. Besides that the K-associated network
keeps double connections when it happens, for example, when vertex vj selects
vertex vi to connect, and vi is already connected to vj , the new connection is still
established resulting in two undirected connections between vertices vi and vj .
This wire mechanism leads to a network of some important features: (i) Varying
the K, different networks can be generated, in which as the value of K increases
the number of components decreases monotonically to the number of classes.
(ii) The number of edges between the vertices of a component is proportional
to K and can be at most equal to KN , N being the number of vertices in the
component. (iii) Due to this maximum value, only achieved if all vertices in the
neighborhood of any vertex of the component has the same class, one can define
a measure of “purity” of the component (explained below).

In a formal way, the resulting K -associated network A = (V,E) consists of
a set of labeled vertices V and a set of edges E between them, where an edge
eij connects vertex vi with vertex vj if class(vi) = class(vj) and vj ∈ knn(vi).
Where class(vi) stands for the class of vertex vi and knn(vi) represents the
set of K nearest neighbors of vertex vi by a given similarity measure. Let the
neighborhood NKi for a vertex vi be defined as its immediately connected K -
neighbors as follows: NKi = {vj |eij ∈ E and vj ∈ knn(vi) and class(vj) =
class(vi)}. The degree gi of a vertex vi is defined as the number of edges to its
neighbors. Notice that the ratio

∑
gi/2K corresponds to the fraction of links

between the vertex vi and vertices in its own component and it varies between 0
and 1, inclusively. Hence, a key idea for classification is to use a measure of how
intertwined a component is with patterns of other classes. Consider a measure
of “purity” given in Eq. (1), where 〈Gc〉 corresponds to the average degree in
the component C.

Pc =
〈Gc〉
2K

. (1)

In this way, for a relatively isolated component with N patterns, all belonging
to a single class, and a given K, all vertices will have connections to K other
vertices resulting in a total of KN connection or 2KN sum of degree. Thus,
the average degree in this case is 〈Gc〉 = 2K resulting in Pc = 1 when there
exist only vertices with the same label in the K -neighborhood of every vi in the
component. On the other hand, when there exist noise or two or more classes are
mixed together each of the vertices will not be able to perform the K connections
because there will be patterns of different classes in each vertex neighborhood.
In such case the more mixed the components the less will be its average degree
〈Gc〉 and consequently its purity Pc.
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Clearly the structure of a K-associated network depends on the value of K
and for a given data set, networks with different K may have better compo-
nents than others - according to the notion of purity. Bearing this in mind, a
suggestive idea is to obtain a network with the best organization of components
independently of a unique value of K, i.e, each component has its own optimal K,
denoted as Ks, where s is a component index. Following this notation, the pu-
rity of component Cs is, Ps = 〈Gs〉/2Ks. Therefore, the rationale for obtaining
the optimal network is to construct K = 1, ..., Kmax associated networks while
keeping the best components found throughout this process. As purity, however,
does not consider the size of the component it tends to favor the small ones,
hence a constraint on the size of the components needs to be satisfied in order
to replace them. Let t also be an index of component, a component of network
K + 1 will be accepted if Eq. (2) is satisfied.

PK+1
t ≥ PK

s and Nt > Ns. (2)

The optimal network improves the representation of the training set and
provide the best configuration of components according to their purity. It takes
advantage of network topologies to quantify how intertwined are the nodes of
different class.

In order to present how a new pattern is classified consider a training pattern
xi represented by xi = (xi1, xi2, ..., xip, ωi), which xi represents the i-th training
pattern with ωi its associated class, in a M -class problem Ω = {ω1, ω2, ..., ωM}.
In the same way, a set of new pattern is defined as yj = (yj1, yj2, ..., yjp), excepted
that now the class ωj associated with the new pattern yj must be estimated.
Consider also the set of components of the optimum network C = {C1, ..., CR},
where R is the number of components and R ≥ M . According to Bayes theory
[6] the posteriori probability of a new instance yj to belong to the component
Cs given the neighborhood NKj of yj is defined by Eq. (3).

P
(
yj ∈ Cs|NKj

)
=

P
(
NKj |Cs

)
P (Cs)

P
(
NKj

) (3)

It is important to bear in mind that each component Cs has been formed by
using a particular K -associated network. Hence, the neighborhood NKj must be
at most Ks. The probability of having NKj connections, among the Ks possible,
to component Cs, is the fraction of connection made with component Cs over
all possible connections Ks. While P (NKj ) is the probability of any possible
connections, as shown in Eq. (4).

P
(
NKj

)
=

R∑
t=1

P
(
NKj |Ct

)
P (Ct) (4)

In many cases, there are more components than number of classes, according
to Bayes optimal classifier, it is necessary to sum the posteriori probabilities
of all components corresponding to the same class. Finally the greatest values
between the found posteriori probabilities reflect the most probable class for the
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new pattern, according to Eq. (5). Where ϕ(yj) stands for the class attributed
for instance yj .

ϕ (yj) = arg max {P (yj |ω1) , ..., P (yj |ωM )} (5)

3 Proposed KAON Extension for Online Classification

This section exposes the K -associated network ability to evolve by adding new
knowledge along time without the need of being retrained. This dynamical evolu-
tion is done by growing the network with the labeled pattern sets as long as they
arrive. Algorithm 1, shows how the KAON online evolves as new patterns ar-
rive. Initially the method createOptimumNetwork() creates a optimal network
(Section 2), with initial training set V and assigns it to mainNetwork which
stands for the network that will be used by the classifier. Considering a scenario
where some new labeled and unlabeled patterns sets arrives, represented as L
and U respectively. The task is twofold, (i) predict the label for the unlabeled
patterns and (ii) incorporate new knowledge to avoid concept drift. The former
is resolved by simple applying the classifier OnlineKAON with the current net-
work to the test pattern at hand. The latter, in order to incorporate knowledge, a
optimal network is derived for the new labeled set L and merged to the network
(mainNetwork). The addiction of new components causes the main network to
increase its size, which implies in error cumulation and increases classification
time. For avoiding this to happen the main network should not grow indiscrimi-
nately, thus a forgetting term for each component is introduced (represented as
the function AdjustNetwork() in Algorithm 1). This term is used to notify when
a component of the network no longer is useful, thus it is incremented every time
a given component is not used in a classification batch. When a given number
of non-usage (here 25 times) is reached, the component is eliminated from the
network; otherwise, once a given component is used its counter of non-usage is
set back to zero.

For clarifying the advantages of the incremental learning over the static one in
non-stationary domains consider the following experiment with the artificial data
set known as banana set (see Fig. 1(a)). The experiment consisted of comparing
both approaches, static and incremental, for the K -associated network. For doing
so, in both cases the classifier was trained with a limited subset (set s1 in Fig.
1(a)). The rest of the set were divided into seven groups and used as test sets that
were sequentially presented to the classifier. In Fig. 1(a) s1 is the original training
set and the others correspond to the 1st, 2nd, and 7th test sets, respectively. The
results were averaged over 10 runs, at each run an optimal network was built
considering 400 examples (200 of each class) randomly chosen from the training
data group. After training ends, the test examples are chosen obeying the group
sequence; one-by-one, 200 examples are randomly chosen from each group (100
for each class), them the next group takes place and so on.
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Algorithm 1. Online KAON classification process

Input:
V = {(vi, class(vi)), ..., (vn, class(vn))} % initial training set
L = {(vi, class(vi)), ..., (vj , class(vj))} % online labeled set
U = {vi, ..., vj , ...} % online unlabeled set

Output

class(vi) for unlabeled vi % classes of new unlabeled patterns

Algorithm

mainNetwork = createOptimumNetwork(V )
For each new come pattern set L or U

If (∃ class(vi))
mainNetwork = mainNetwork ∪ createOptimumNetwork(V )

Else
For each pattern in U

class(vi) = OnlineKAON(mainNetwork ,vi)
AdjustNetwork(mainNetwork)

end Else
end For
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Fig. 1. (a) Artificial data set (Banana set) divided into sequence groups for simulating
a non-stationary domain. The highlighted examples represent those chosen examples
in a run. (b) Cumulated accuracy for static and incremental learning using the K -
associated network classifier.



Online Classifier Based on the Optimal K -associated Network 7

Figure 1(b) shows the results of the comparison for the K -associated static
and incremental. The significant difference between them is due to the fact that
the static classifier no longer learns with new instances, however the incremental
classifier is able to learns during classification phase. The presented incremental
learning process is analogous to the linearization technique widely used to study
local properties of non-linear systems. Specifically, linearization of a neighbor-
hood of a certain point corresponds to subset selection in incremental learning.
Nonlinearity of the system corresponds to twisted shape of classes and changing
of data distribution over time. In a nonlinear systems, linearization usually can
obtain good approximation if the neighborhood under analysis is small. With
the same reason, we expect that good classification results can be obtained by
updating the network with small data subset each time.

4 Experimental Results

A well-know benchmark for concept drift in data mining is the SEA concept,
named after the paper of Street and Kim [15]. This benchmark consist of gen-
erating a tree-dimensional feature space data set with artificial changes in data
that simulates the drifting in the concept. For the experiment we generated a
data set with 70,000 patterns divided into two classes that is further divided into
four blocks, each one representing a different concept. For each block a pattern
belongs to class 1 if x1 + x2 ≤ θ and to class 2 otherwise. In the condition x1

and x2 represent features 1 and 2 respectively and θ is a threshold value, used to
simulate the changing of concept. The current experiment considered a data set
generated according to the following thresholds, θ = 7, 9, 6, 9.5. All three features
ranges in the interval of values [0, 10]. Each block has 17,500 patterns, in which
7,500 were reserved for test while and the rest were used in training. The data
set for the SEA concept experiment is divided in 500 batches of 140 patterns
each, in which 80 patterns form a training batch and 60 a testing batch. The
learning algorithm at hand receives the batches in an interchangeably manner.
The objective is to predict the classes of the test patterns, while keeping track
the changes on concept drift (by implementing incremental learning for example)
to avoid degrade classification performance.

Figure 2 shows the comparison between the proposed algorithm KAON On-
line against two state-of-the-art incremental learning algorithms, which consist
in fact of ensembles, the Streaming Ensemble Algorithm (SEA) [15], and the
Dynamic Weighted Majority (DWM) [16]. The SEA ensemble consist of an pool
of C4.5 classifiers, and works by evaluating each of the decision trees, whose out-
puts are used to decide the ensemble output by a simple majority voting scheme.
In this method, a new decision tree is trained every time a training batch arrives
and if a predefined number of classifiers have reached its limit (here 25 decision
trees were used as in the original paper). The new tree replaces the tree in the en-
semble with the major number of mistakes in tests set, by doing so the ensemble
is always refreshed with new content. The DWM consist of an ensemble method
that virtually can be composed by any classifiers, the authors though suggested
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the use of a incremental version of the naive Bayes and C4.5 (see [16] for details
and references). These algorithms are modified versions of their counterparts
that are able to learn new knowledge as soon as it become available. Briefly the
DWM algorithm adds a new incremental classifier to the ensemble every time
an error is committed by the ensemble. Each single classifier has a weight that is
decreased, by determined factor β every time they commit an error. For control-
ling the size of the ensemble the algorithm removes those classifiers that present
weight bellow a predefined threshold θ. The removal occurs in every p iteration.
The parameters for running this experiment were set accordingly to the authors
suggestion, β = 0.5, θ = 0.01 and p = 50. The KAON Online algorithm, as have
already been mentioned (in Section 3), acquires new knowledge by adding new
components to the main network. The new added components are in fact the
optimal network for the new training set. For dealing with unstoppable grow of
the main network, each component has a forgotten term which is incremented
when the component is not used for classification in a test batch. In the Fig. 2,
for every test batch an error rate is calculated and the results are an average of
20 runs for each learning approach considering different generations of the SEA
data set.
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Fig. 2. Error rates comparison between KAON Online, the SEA Ensemble and the
DWM Ensemble.

Unsurprisingly, the ensemble methods present high accuracy and quick re-
sponse to concept drift. Which is clear a property of ensemble classifiers, the
ability to act rapidly to abrupt changes is due to the fact that in a group of clas-
sifier each one generally has a different representation of the problem at hand
and when a new scenario is presented this variety helps the ensemble to adjust
quickly to the new scenario. In spite of being a single classifier the KAON had
presented a better performance than the SEA ensemble considering both de-
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tecting and overcoming drift and classification accuracy at stable concepts. The
SEA ensemble reacted better in the second drift, but still the KAON algorithm
had a slightly faster recovery. In relation to the DWM ensemble it can be said
that the DWM had the best performance detecting drift in the second change
of concept. A drawback concerning the DWM results is that it had presented
ups and downs in performance showing low reliability. The KAON classifier, on
the other hand was the most reliable algorithm, because it took almost the same
time to detect drift in all occasions and had kept a nearly constant classification
accuracy. This result is favorable to our proposed algorithm, mainly because it
consists of a single classifier and yet performed better than an ensemble of clas-
sifiers in a non-stationary environment. Usually, for practical matters the time
consumed by a single classifier to query new pattern for classification is lower
than for an ensemble. In this case the SEA ensemble has to evaluate 25 decision
trees every time a new pattern need be classified and the DWM may create too
many classifiers during execution, which could degrade classification process. In
the case of the KAON online, regardless the fact that the network grows by
adding new knowledge it also implements a mechanism that keeps the network
at a reasonable size to deal with the current problem, which means that the
network can adjust its size to fit the problem. Figure 3(a) shows the evolution
on the number of network components throughout online classification. Notice
that the number of components varies according to the underling concept and
still the number of vertices in the network remains at a constant rate, as shown
in Fig. 3(b).
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Fig. 3. (a) Number of components and (b) number of vertices on the KAON Online
network for the SEA concepts problem.

The incremental classifier is able to recognize a concept change and restruc-
ture the network to deal with the new scenario without overload the network.
As can be seen in Fig 3, the size of the network depends on the concept, and it
can even reduce over time and still improve classification accuracy, which means
that the network and components structure change as data distribution changes.
Summarizing the proposed incremental classifier had shown better performance
than two state-of-the-art methods in the SEA concepts classification, which en-
courages future research toward the improvement of our approach.



10 Bertini, Lopes, Motta and Zhao

5 Conclusions

This paper proposed an extension for the network-based KAON static classifica-
tion algorithm that incorporates incremental learning in order to perform online
classification. The extension shows that incremental learning is straightforward
to be implemented by the proposed KAON classifier. Initial simulation results
indicate a favorable scenario for our approach for dealing with non-stationary
data sets with concept drift. Some future works include comparing with more
incremental algorithms using more data sets, develop a mechanisms for reduc-
ing even more the network without losing generalization capacity, and develop
an intelligent filter to decide whether or not to add a new data, allowing the
classifier to separate stationary from non-stationary problems on the run.
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