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Abstract. The task of automatically generating suitable membership functions
from data is fundamental for the appropriate performance of fuzzy systems that
use a fuzzy rule base. In this paper we provide an overview of some methods
found in the literature, which are based on heuristics, hybrid methods, fuzzy
clustering algorithms, neural networks, genetic algorithms, and the entropy and
fuzzy Kappa indexes. We also present a study on the suitability of these methods
to different application domains.

Resumo. A tarefa de gerar automaticamente funções de pertinência fuzzy a par-
tir de dados é fundamental para um desempenho adequado de sistemas fuzzy
que usam uma base de regras fuzzy. Neste trabalho apresentamos uma re-
visão de alguns métodos encontrados na literatura, baseados em heurı́sticas,
métodos hı́bridos, algoritmos de agrupamento fuzzy, redes neurais artificiais e
ı́ndices, como entropia e fuzzy Kappa. Também apresentamos um estudo sobre
a adequação desses métodos a diferentes domı́nios de aplicação.

1. Introduction
Fuzzy systems are based on the fuzzy set theory and fuzzy logic [Zadeh 1965] proposed
by professor Loft A. Zadeh. The fuzzy set theory is used to represent and process informa-
tion. The main characteristic of fuzzy sets, contrasting with crisp sets, is the progressive
transition from one set to another. This natural characteristic of fuzzy logic provides au-
tomatic mechanisms to deal with imprecision and uncertainty, which are inherent to real
world knowledge. Moreover, the fuzzy logic theory prevents the creation of unnatural
frontiers in the partitioning of attributes domains [Alcalá et al. 2007].

A fundamental issue, due to its direct impact on the results obtained by fuzzy
systems, is the definition of the fuzzy sets that model the linguistic variables of a given
domain, both in terms of shape (triangular, trapezoidal, S-function, etc) and partitioning
of the attributes domains (number of fuzzy sets and their distribution in the domains).
Unfortunately, there are no general rules or guidelines for these tasks that are appropriate
for any domain [Medasani et al. 1998]. In fact, many methods may have to be tested in
order to find the appropriate definitions for a given application and domain.



It is also common to find studies in which the definition of the membership func-
tions is done empirically. In fact, the trapezoidal and triangular shapes are the most used
in the literature, probably because they produce good results for most of the domains
[Kaya and Alhajj 2003]. Now, regarding the definition of the number of fuzzy sets and
their distribution on the partitions, most of the papers in the literature present a uniform
distribution of the fuzzy sets, i.e., all fuzzy sets are evenly placed in the domain of a given
attribute.

A problem that makes the definition of fuzzy sets not trivial is the lack of consen-
sus about the definition and interpretation of them. For instance, let us consider a linguis-
tic variable temperature. The interpretation of the linguist term low temperature is closely
related to the region where one lives (consider a continental country such as Brazil, for
example). Besides, personal interpretations may also generate strong variations for the
same concept. Since each person may have different and personal interpretations on the
meaning of a concept, it is natural that different membership functions may be created to
define the same concept. This flexibility on the subjective selection of membership func-
tions and, as stated earlier, in the distribution of the fuzzy sets in their partitions shows
the robustness of the fuzzy logic, which is closely related to the inherent characteristics
of fuzzy sets [Zhang and Zhang 2005].

Although this flexibility exists, the task of defining membership functions has
never been formally defined. In fact, the choice of the method depends on the particular
application and domain [Chen and Wang 1999]. Thus, this paper provides an overview of
some of the most recent and interesting methods for the automatic definition of member-
ship functions found in the literature.

This paper is organized as follows: Section 2 reviews methods for the automatic
definition of fuzzy membership functions which use special parameters to define merging
boundaries; Section 3 reviews methods that use the Fuzzy C-Means clustering algorithms.
Methods that use genetic algorithms are discussed in Section 4. Section 5 presents meth-
ods that use artificial neural networks. Section 7 describes other methods based on various
different techniques, followed by the conclusions in Section 8.

2. Definition of membership functions using special parameters
The methods present in [Manley-Cooke and Razaz 2007] and in [Alcalá et al. 2007] pro-
pose similar approaches for the definition of fuzzy membership functions. In the first
paper, for each input example a fuzzy term is created with a double Gaussian function
shape and maximum membership degree (support) for the value of the example. Thus,
the maximum possible number of fuzzy sets created will be the number of examples in
the training set. In order to reduce the total number of fuzzy terms generated, when the
parameters of two membership functions are within a preset tolerance, the two sets may
be combined into a single one incorporating the two sets of parameters into the upper and
lower limits of a new membership function. A typical combination example is shown in
Figure 1 that shows membership functions mf1 and mf3 in the upper graph, which are
replaced by a new membership function (mf1) in the lower graph. The same happens
with mf2 and mf4, which are replaced by mf2 in the lower graph.

On the other hand, the method presented in [Alcalá et al. 2007] uses the concept
of 2-tuple to define linguistic terms. The 2-tuple is used to define i) the center of a fuzzy



Figure 1. Merging two membership functions [Manley-Cooke and Razaz 2007].

set (support), and ii) a value for a symbolic translation, which enables fuzzy sets to be am-
plified to its laterals by a displacement. The symbolic translation of a linguistic term is a
number within the interval [−0.5, 0.5) that expresses the domain of a linguistic term when
it is moving between its two lateral linguistic terms. Figure 2-a shows the symbolic trans-
lation of a linguistic term represented by the pair (S2,−0.3), considering a set S with five
linguistic terms represented by their ordinal values ({0, 1, 2, 3, 4}). Figure 2-b presents
the representation of the original fuzzy term S2, represented by a triangular shaped set in
black, and another interpretation of this same set according to the pair (S2,−0.3), which
defines a displacement of −0.3 to the left (shown in light blue).

In both cases, the authors intended to propose a method to simplify the definition
of fuzzy membership functions by giving them flexibility, while maintaining interpretabil-
ity.

3. Methods based on clustering algorithms

The methods presented in [Chen and Wang 1999] and in [Liao et al. 2001] use the Fuzzy
C-Means algorithm (developed by Dunn in 1973 [Dunn 1973] and improved by Bezdek
in 1981 [Bezdek 1981]) for the definition of fuzzy membership functions.

In the first method, a modified version of the Xie-Beni index [Xie and Beni 1991]
is used to define the number of clusters and, therefore, the number of fuzzy sets, for the
Fuzzy C-Means algorithm. Once the number of fuzzy sets is defined, the centers of the
sets are initialized based on two methods, the equalized universe method, which divides
the partition equally by the number of sets, and the subtractive clustering method, which
classifies the points present in the training data by their number of neighboring points.
Thus, a data point will have a high potential value if it has many neighboring points.
After the initialization of the centers, the Fuzzy C-Means algorithm works on finding the
best positions for centers. A hybrid learning algorithm for refining the system parameters
based on the ANFIS method [Jang 1993] is then presented.

In the second method, a Fuzzy C-Means variant is proposed for the generation of
fuzzy term sets with 1/2 overlap. The proposed variant differs from the original mainly in
two aspects:



Figure 2. Symbolic translation of a linguistic term and lateral displacement of the
involved membership function [Alcalá et al. 2007].

1. The first modification ensures that two end terms take the maximum and minimum
domain values as their centers.

2. The second modification prevents the generation of non-convex fuzzy terms that
often occurs with the original algorithm.

This method uses the mean squared error criterion to determine the number of
fuzzy sets and the optimal shape of the membership functions associated with each term.

The advantages of Fuzzy C-means include the fact that it can be used as a non-
supervised algorithm, it is able to generate multi-dimensional membership functions, and
it can control the shape of the fuzzy sets using a different distance measure. On the other
hand, the number of fuzzy sets has to be informed, requiring another method to provide
this information or an empirical definition. It is also important to remember that this
algorithm is sensitive to outliers.

4. Methods based on genetic algorithms
The use of genetic algorithms is proposed in [Kaya and Alhajj 2003] to adjust a clustering
process, which dynamically tunes fuzzy sets for the task of generating association rules.
Since the adjusting of fuzzy sets is identical to generate association or classification rules,
this method is included in this study. The goal in using genetic algorithms is to cluster the
values of quantitative attributes into fuzzy sets with respect to a given fitness evaluation



criteria. For this purpose, each individual represents the base values of membership func-
tions of a quantitative attribute in the database. The linguistic variables are defined with
2, 3, and 4 fuzzy sets.

On the other hand, [Kaya and Alhajj 2004] present an evolution of the former
method, which includes a process to define the number of fuzzy sets of each attribute.
This number is based on two parameters, large itemsets (for association rules) and the
time required to determine fuzzy sets. Since these two parameters are in conflict with
each other, a genetic algorithm with multiple objective optimization capabilities known
as Pareto GA [Zitzler and Thiele 1999] is used. Both studies, [Kaya and Alhajj 2003] and
[Kaya and Alhajj 2004], used triangular shaped fuzzy sets.

Genetic algorithms are also used to tune the parameters of fuzzy sets in
[Hong et al. 2004] and [Hong et al. 2006]. The chromosomes of both methods codify
the parameters of the fuzzy sets for each attribute. The triangular shape was chosen to
define the fuzzy sets used in both approaches. In the first method, [Hong et al. 2004],
the fitness of each set of membership functions is evaluated using the fuzzy supports of
the linguistic terms in the large 1-itemsets and the suitability of the derived membership
functions. The proposed framework thus maintains multiple populations of membership
functions with one population for one item’s membership functions. The final best set of
membership functions gathered from all the populations is used to effectively mine fuzzy
association rules.

The process of the second paper [Hong et al. 2006] uses a genetic algorithm based
framework to find membership functions suitable for mining problems and then uses the
final best set of membership functions to mine fuzzy association rules. The fitness of
each chromosome is evaluated by the number of large 1-itemsets generated from part of
the previously proposed fuzzy mining algorithm and by the suitability of the membership
functions.

Similarly to the clustering methods, the disadvantage of the methods based on
genetic algorithms is that the number of fuzzy sets must be informed.

5. Methods based on neural networks

The use of artificial neural networks has also been explored for the definition of fuzzy
membership functions. In [Castellano et al. 2005] a procedure of knowledge extraction to
identify the structure and the parameters of a fuzzy rule base using a two-phase learning
of a neural network is employed. The method also performs a previous feature subset
selection to obtain simpler and more reliable fuzzy rules, and a post-processing stage
that granulates outputs of the extracted fuzzy rules in order to provide a validity range
of estimated outputs. In order to obtain readable knowledge from data, the proposed
framework involves an integration between a knowledge extraction procedure and two
additional processing phases, as depicted in Figure 3.

The knowledge extraction process, which represents the center of the proposed
framework, is performed by the learning of a neuro-fuzzy network that encodes in its
structure the discovered knowledge in the form of fuzzy rules. The variable selection
and the output granulation steps aim at improving the accuracy and comprehensibility of
the obtained fuzzy rule base, although these steps are not always necessary and may be



Figure 3. General scheme of the knowledge discovery methodology
[Castellano et al. 2005].

omitted in specific cases. For instance, if the domain at hand presents low dimension, the
selection of variables may not be necessary. Similarly, the use of prediction intervals can
be bypassed when only scalar outputs are required.

A summary on the state-of-art of neuro-fuzzy systems can be found in
[Abraham 2001] and in [Nauck et al. 1997].

6. Methods based on the use of special measures
In [Cheng and Chen 1997], the concept of entropy is used to determine member-
ship functions. According to the information theory [Martin and England 1981,
Gonzalez and Woods 1992], entropy measures the uncertainty of an information system.
A larger entropy of an information system indicates more information contained in the
system. Similarly, the larger the entropy for the occurrence of a fuzzy event is, the more
information the fuzzy event has. Thus, this method looks for a membership function
that maximizes the entropy for a fuzzy event. The fuzzy set shape adopted was the S-
function.

In [Nieradka and Butkiewicz 2007] the authors propose a method for the defini-
tion of fuzzy sets based on two indexes, the fuzzy entropy and the fuzziness index. The
concept of fuzzy entropy can be defined as the quantity of fuzzy information gained from
a fuzzy set or a fuzzy system [Al-sharhan et al. 2001]. The mathematical definition of the
fuzziness index can be found in [Nieradka and Butkiewicz 2007]. The method looks for a
function which maximizes the information about an object described by n attributes. This
condition is reformulated into the entropy principle. Taking into consideration that en-
tropy is the measure of information, hence the function which has the maximum entropy
is the most informative. However, it is still necessary to find a function which describes
the fuzzy set in the best way. For this purpose the authors used the index of fuzziness.
The result is the function which has the highest value of index of fuzziness. Therefore,
the problem was reformulated into looking for the function which is optimal with respect
to the total entropy and index of fuzziness. The authors adopted the S shaped fuzzy set.
Both papers described in this section focused on image recognition applications.

Last, the Kappa measure was used in [Dou et al. 2007] to calculate the fuzzy
Kappa measure in order to define a suitable segmentation of generated partitions. The



Kappa coefficient is a statistical measure of inter-rater agreement. It is generally thought
to be a more robust measure than simple percent agreement calculation since it takes into
account the agreement occurring by chance. Kappa measures the agreement between two
raters classifying N items into C mutually exclusive categories. This work also presents
a comparison of both measures and points out some limitations on the use of the original
one.

7. Other approaches

There are several other approaches in the literature for the automatic definition of
fuzzy sets based on various techniques. There are methods based on perception, for
instance, which deal with the definition of membership functions for concepts such
as tall man and aesthetically pleasing house, conducted by Norwich and Turksen
[Norwich and Turksen 1984] with the assumption that membership values should be de-
fined on an interval scale.

Heuristic methods, on the other hand, use predefined shapes for fuzzy sets and
present good results for classification applications [Ishibuchi et al. 1993]. This approach
has been used for computational vision to describe certain spatial properties, such as
above and to the left, and certain properties, such as lightness or darkness of a pixel value.

Histograms were also used in order to define fuzzy membership functions
[Medasani et al. 1998]. Furthermore, in [Boston 1995] there is a study on the effects
of the shapes of fuzzy membership functions for inference applications. This study
shows the results for a classifier with two classes, using triangular shaped fuzzy sets.
In [Keller et al. 1985] the theory of fuzzy sets was introduced to the nearest neighbor do-
main. The Fuzzy K-NN algorithm assigns class memberships to an example instead of
assigning the example to a particular class, thus, making sure that no arbitrary assignments
are made. The memberships assigned to the example are dependent on the distance of the
example from its K nearest neighbors and memberships of those K nearest neighbors in
the possible classes.

Finally, it is important to emphasize the fact that many studies define the number of
fuzzy sets empirically, and employ the equalized universe method [Chen and Wang 1999]
to define the distribution of the fuzzy sets, which simply distributes the sets evenly in
the partition. Regarding the number of fuzzy sets, most researchers define this variable
empirically using a range usually varying from 2 to 7 fuzzy sets per attribute. The main
reasons why researchers decide to define such important variables without the aid of any
formal method may include:

• The complexity of the methods available, which may require more time and effort
to be implemented than the actual application in focus;
• The flexibility of the fuzzy logic in the definition of fuzzy variables and fuzzy

terms, which allows the user to define his/her own fuzzy data base, since this
fuzzy data base will be the base for the generation of the fuzzy rules, which in
turn will be adjusted to provide a suitable performance;
• The lack of consensus and/or guidelines on which of the available methods is the

best for a given domain or application;



8. Conclusions
Several methods for the automatic generation of membership functions were discussed in
this paper. Nevertheless, although various methods using different approaches are avail-
able in the literature, there are no simple rules, guidelines, or even consensus among the
community on how to choose the best one for any applications or domains. In fact, the
definition of the method for the generation of fuzzy membership functions is closely re-
lated to the domain in use and application. Personal preferences of the researchers for one
specific technique may also play an important role on this choice.

Tolerance based methods are suitable only for applications that extract a high num-
ber of fuzzy sets from training data. Methods that use clustering algorithms seem to be
a good choice, although some methods need the definition of the number of fuzzy sets,
and the ones presented which are able to define this number may require further tests and
adaptations to fuzzy classification systems. Moreover, the complexity of the methods may
be a problem to its adoption.

Methods based on genetic algorithms tend to be computationally expensive. An-
other shortcoming of these methods is that they usually take a long time to converge to a
good solution and are dependent on an appropriate codification of chromosomes. Besides,
the number of fuzzy sets must be known a priori.

Neural networks, although presenting good results, also have the problem of tun-
ing parameters and are not interpretable.

The application of indexes is another good solution, although the methods pre-
sented here are not able to define the best number of fuzzy sets.

Thus, it is important to emphasize that, although many methods for the definition
of fuzzy membership functions are available in the literature, the choice depends on the
application and domain, and many methods may have to be tested in order to find an
appropriate one. In fact, due to the reasons presented in the former section, the empirical
definition of membership functions may still be the most appropriate and feasible solution.

As future work we intend to focus on the proposal of simple methods for the auto-
matic generation of membership functions from sets of data using statistical methods and
heuristics, with the purpose of avoiding the high complexity presented by some methods
found in the literature and designing a method which depends mainly on the structure of
the dataset, and not on the application domain.
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References
Abraham, A. (2001). Neuro fuzzy systems: Sate-of-the-art modeling techniques. Lecture

Notes in Computer Science, 2084:269–276.

Al-sharhan, S., Karray, F., Gueaieb, W., and Basir, O. (2001). Fuzzy entropy: a brief
survey. IEEE international fuzzy sets conference, pages 1135–1139.
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